
Sharon Math and Science
Tournament - 2021

Individual Math Round
The SMST Committee has worked hard to create questions that are challenging and interesting to
solve. No one is expected to be able to complete the entire test perfectly. You will most likely see
questions that are challenging to you. Give these questions your best effort, and do as many as
you can in the 30 minutes allowed. Keep in mind that there is no penalty for guessing or for
incorrect answers. Each correct answer is worth 1 point.

Part I: Multiple Choice

1. For every $15 Wenhao earns, he loses $1. How many dollars has Wenhao earned if he has
$70 in his possession?

A. $8
B. $65
C. $70
D. $75
E. $80

2. What is the difference between the sum of the first 20 positive even numbers and the sum of
the first 20 positive odd numbers?

A. -40
B. -20
C. 0
D. 20
E. 40

3. The supplement of the complement of ∠Z is 123˚. What is m∠Z?
A. 33˚
B. 43˚
C. 44˚
D. 57˚
E. 67˚
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4. The average of Rahem’s first 4 test grades is 88. Assuming that each test is worth the same,
what grade does Rahem need to get on his next test to have an average of 90?

A. 90
B. 92
C. 96
D. 98
E. 100

5. The Sullivan family has 5 children: Ashley, Bianca, Cedric, Daniel, and Eric. Eric is older
than Daniel but younger than Ashley. Cedric is neither the oldest nor the youngest child.
Bianca was born right after Cedric, but she is not the middle child. Who is the second oldest?

A. Ashley
B. Bianca
C. Cedric
D. Daniel
E. Eric

6. The bases of a triangle and a rectangle are equal in length. The ratio of the rectangle’s height
to the triangle’s height is 5:3. What is the ratio of the area of the triangle to the area of the
rectangle?

A. 3:10
B. 3:5
C. 5:3
D. 10:3
E. 15:2

7. What is the area of trapezoid ABCD with coordinates A(2, 3), B(5, 7), C(11, 7), and D(12, 3)
in square units?

A. 16
B. 32
C. 40
D. 60
E. 64
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8. Two helicopters, helicopter A and helicopter B, are descending vertically towards the same
airport. Helicopter A is currently at an altitude of 1000 ft and descending at 20 ft/s.
Helicopter B is currently at an altitude of 600 ft and descending at 10 ft/s. After how many
seconds will the helicopters be at the same altitude?

A. 25 seconds
B. 30 seconds
C. 35 seconds
D. 40 seconds
E. 45 seconds

9. Circles A, B, and C are concentric circles. Circle C has twice the diameter of circle A. The
shortest distance between circle A and circle B equals the shortest distance between circle B
and circle C. What is the ratio between the diameter of circle A and circle B?

A. 1:1
B. 1:2
C. 2:3
D. 3:2
E. 2:1

10. If “%” stands for a new operation and a % b gives the remainder of a ÷ b, what is (49 % 10)
% (10 % 4)?

A. 0
B. 1
C. 2
D. 12
E. 12.25

11. If and , what is ?𝑓(1) = 1 𝑓(𝑥) = 𝑥 · 𝑓(𝑥 − 1) 𝑓(5)
A. 1
B. 5
C. 20
D. 120
E. cannot be determined
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12. Based on the information below, where each letter is a digit from 0-9 (not necessarily
distinct), how many different ways are there to assign values to M, A, T, and H?

A. 1
B. 2
C. 5
D. 8
E. 10

13. How many non-identical 6-digit license plates can be made if the same number can’t appear
next to itself?

A. 96

B. 10 • 95

C. 103 • 93

D. 105 • 9
E. 106

14. If 2088 digits are used to number the pages of a book, how many pages are there? Assume
the book begins on page 1.

A. 209
B. 232
C. 732
D. 1044
E. 2088

15. There is a regular hexagon ABCDEF with side length 1. A triangle is formed by segments
BF, FD, and BD, and a circle is inscribed within this triangle. What is the area of the circle in
terms of 𝜋? (Acircle=𝜋r2)

A. ⅛ 𝜋
B. ¼ 𝜋
C. ½ 𝜋
D. 𝜋
E. 4𝜋
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Part II: Short Answer

16. Rishi has 13 red socks, 11 green socks, and 17 blue socks in his drawer. If he takes out socks
one by one without looking and without putting them back, how many socks will he need to
take out to guarantee that he took at least 1 red sock?

17. If 2 standard 6-sided dice are rolled, what is the probability that the sum of the 2 numbers is
even? Write your answer as a fraction in simplest form.

18. Nihar's age is five times that of his firstborn son, Jeffrey. Six years from now, his age will be
only three times that of Jeffrey. Find the sum of Nihar and Jeffrey’s current ages.

19. Anwita drives from Boston to New York in 4 hours and it takes her 90 minutes longer to
drive back. If she drove 15mph slower from New York to Boston than she did from Boston to
New York, how far away in miles are the 2 cities?

20. Arjun is submerged in a pool and blows a perfectly round air bubble with a diameter of 2
inches. Above the bubble, he holds a cylindrical cup with a radius of 3/2 inches and a height
of 5 inches. The entire bubble floats into the cup. What fraction of the cup’s volume is filled

with water? (Note: )𝑉
𝑠𝑝ℎ𝑒𝑟𝑒

= 4
3 π𝑟3,  𝑉

𝑐𝑦𝑙𝑖𝑛𝑑𝑒𝑟
= π𝑟2ℎ
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Answer Key and Solutions

Q # Answer
(% Correct in
SMST 2021)

Solution

1 D

(78.21%)

First, we must take away $1 from every $15 Wenhao earns to find his profit: $15 − $1 =
$14. So, for every $15 he earns, his profit is $14. If his current profit is $70, we must
figure out how many times Wenhao profited. $70 ÷ $14 = 5 times. So, Wenhao would
have earned $15 five times. $15 • 5 = $75 (D)

2 D

(58.10%)

The first 20 odd numbers go in this progression: 1, 3, 5, 7, … , 19, 21
The first 20 even numbers go in this progression: 2, 4, 6, 8, … , 20, 22
Notice that if we add one to each of the first 20 odd numbers, we will receive the first
20 even numbers. Therefore, 20 • 1 = 20 (D)

3 A

(29.61%)

Two angles are complementary if they add up to 90°, and two angles are supplementary
if they add up to 180°. Thus, the complement of ∠Z can be written as the expression
(90° − m∠Z), and the supplement of that is 180° − (90° − m∠Z) which is equal to
123°. This gives us an equation 180° − (90° − m∠Z) = 123° where we can solve for
m∠Z.
180° − (90° − m∠Z) = 123°
180° − 90° + m∠Z = 123°
90° + m∠Z = 123°
m∠Z = 33° (A)

4 D

(53.63 %)

Since the average of Rahem’s first four test grades is 88, this means that the total of his
four test scores is 88 • 4 = 352. The desired total average of Rahem’s five tests is 90.
Therefore, the total of the five test scores would need to be 90 • 5 = 450. To find the
necessary score of the fifth test, we can subtract these two numbers: 450 − 352 = 98. So,
in order to have a 90 average for the five tests, Rahem’s fifth test score would have to
be 98 (D)

5 E

(69.27%)

The information given in this logic problem can be broken down into three individual
facts.
Fact 1: Eric is older than Daniel but younger than Ashley.
This must mean the order of these three children, from oldest to youngest, is: Ashley,
Eric, Daniel. We do not yet know if there are any children between them.
Fact 2: Bianca was born right after Cedric.
From this, we learn that the order, from oldest to youngest, is Cedric then Bianca, with
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none of their siblings in between. With this information combined with the first piece,
the problem becomes placing Cedric and Bianca within the order of their other three
siblings.
However, we know Fact 3: Cedric is neither the oldest nor the youngest child, while
Bianca is not the middle child.
If Bianca is not the middle child, then Cedric cannot be the person before the middle
child—in other words, the second oldest child. Since Cedric also cannot be the oldest
child, this leaves him to be the third oldest child or the fourth oldest child.
Thus, there are 2 possible orderings of their ages:
(from oldest to youngest, decreasing age from left to right)

1. Ashley, Eric, Daniel, Cedric, Bianca
2. Ashley, Eric, Cedric, Bianca, Daniel

In both of these scenarios, the second oldest child is Eric (E)

6 A

(31.84%)

Let x be equal to the base of the triangle and the base of the rectangle. Since the ratio of
the rectangle’s height to the triangle’s height is 5:3, let the rectangle’s height be 5y and
the triangle’s height be 3y. From these values, we can now find the area of each of the
shapes in terms of x and y. The formula for the area of a rectangle is base • height. In
this case, this would be x • 5y. The formula for the area of a triangle is A = • base •1

2

height. In this situation, the area would be • x • 3y. To find the ratio of the area of the1
2

triangle to the area of the rectangle, it would be ( • x • 3y):(x • 5y). The x and y1
2

variables divide off, leaving : 5. When simplified, it results in a ratio of 3:10 (A)3
2

7 B

(50.28%)

The formula of the area of a trapezoid is A = h ( a + b ). By subtraction between1
2

coordinates, it can be determined that a and b (the two bases) are 11 − 5 = 6 units and
12 − 2 = 10 units , and the height, h, is 7 − 3 = 4 units. Plugging in these values results
in (4)( 6 + 10 ) = 32 square units (B)1

2

Alternatively, a rectangle can be drawn around the trapezoid as shown in the diagram
below. By subtracting the areas of the 2 pink triangles from the area of the rectangle, we
can find the area of the trapezoid without using the formula. The rectangle’s area is 10 •
4 = 40. The triangle on the left is a right triangle with legs that are 3 units and 4 units
long, so its area is • 3 • 4 = 6, and the triangle on the right is a right triangle with legs1

2

that are 1 unit and 4 units long, so its area is • 1 • 4 = 2. Thus, the area of the1
2

trapezoid is 40 − 6 − 2 = 32 (B)
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8 D

(62.57%)

There are several ways to do this. One way is to use a system of equations :)
Let x = time (in seconds) and y = altitude (in feet).
For Helicopter A: y = −20x + 1000
For Helicopter B: y = −10x + 600
We want to find when the y’s are the same, so we use substitution:
−10x + 600 = −20x + 1000
Isolate the variable and solve:
10x + 600 = 1000
10x = 400
x = 40 (D)

9 C

(26.82%)

Remember that the diameter of a circle is equal to twice the radius (d=2r), and since
diameter and radius are directly proportional, the ratio of dA: dB is also equal to rA: rB . If
dC = 2dA, then rC = 2rA , so the distance between concentric circles A and C is r C − rA =
2rA − rA = rA. Since the distance between circles A and B and the distance between
circles B and C are the same, we can divide the distance between circles A and C (r A)
by 2 to get the distance between circles A and B ( rA). This means that rB = rA + rA =1

2
1
2

rA . Based on this, rA÷ rB = rA÷ rA= , so the ratio of rA: rB which is equal to dA: dB is3
2

3
2

2
3

2:3 (C)
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10 B

(36.87%)

Using the order of operations, the first step would be to simplify (49 % 10) and (10 %
4). Because the % indicates the remainder of the division of the two numbers, 49 ÷ 10
yields 4 with a remainder of 9. In addition, 10 ÷ 4 yields 2 with a remainder of 2. Then
we take the two values, 9 and 2, and use the same operation once more. Then, 9 ÷ 2
yields 4 with a remainder of 1 (B)

11 D

(16.20%)

Using the information given, we can find f(2), f(3), f(4), and then f(5).
f(1) = 1
f(2) = 2 • f(1) = 2 • 1 = 2
f(3) = 3 • f(2) = 3 • 2 = 6
f(4) = 4 • f(3) = 4 • 6 = 24
f(5) = 5 • f(4) = 5 • 24 = 120 (D)
It can also be observed that f(x) can be written as 5 • 4 • 3 • 2 • 1 = 120 or that f(x) is
equivalent to x!, and 5! = 120.

12 E

(17.32%)

Since A+T can only be 3 or 13 there are 10 possibilities for A+T: 0+3, 3+0, 1+2, 2+1,
4+9, 9+4, 5+8, 8+5, 6+7, and 7+6. If A+T=3, then M must be 0 and H must be 1. If
A+T=13, then the 1 carries over, and M must be 3 while H must be 1. For each
possibility of A+T, there is only one possibility for M and H, so the total number of
possibilities of values for M, A, T, and H is 10 (E)

13 B There are 6 places, and 10 possible digits. Starting from left to right, the first digit can
be anything from 0 to 9 so there are 10 possible values. For the second digit, there are 9
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(22.35%) possible values because it can be anything from 0 to 9 except for the value of the
previous digit. For the third digit, and the fourth, fifth, and sixth digits, the same
applies, so there are 9 possible values for each of those places. We multiple 10 • 9 • 9 •
9 • 9 • 9 to get the total number of possible license plates which is 10 • 95 (B)

14 C

(37.43%)

To do this methodically, you would take certain sections at a time. First, you would
begin with pages 1 through 9 which would only take 9 digits in total. To keep track, this
means that there are 2079 digits left. Then, from page 10 through page 99, this would
result in 90 two-digit pages, which yields a total of 180 digits. As a result, there are
1899 digits left in use. There are not enough digits to have the number of pages reach a
four-digit number as 1899/3 is 633. Therefore, there are 633 three-digit pages. Now, we
must add the number of pages in total which would be 9 + 90 + 633. After completing
the addition, we see that the total number of pages in the book is 732 (C)

15 B

(32.96%)

First note that the triangle formed by BF, FD, and BD is equilateral, so if we find one of
the sides, we know the lengths of the other two. WLOG we compute BF by using the
fact that ABF is a 30-30-120 triangle, which can be split up into two 30-60-90 triangles.
This gives that BF is , so we have BF = BD = DF = . Then, to find the radius of the3 3
circle inscribed triangle BFD there are two ways to finish:

1. We use the identity a = rs, where a is the area of the triangle, r is the radius of
the incircle, and s is the semiperimeter of the triangle (semiperimeter =

perimeter/2). The area of triangle BFD is (the area of an equilateral triangle3 3
4

is where x is the length of each of its sides) and its semiperimeter is , so𝑥2 3
4

3 3
2
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solving for r yields r = 1
2

2. Equilateral triangle BFD can be split into three 30-30-120 triangles, including
triangle BFO. When we split triangle BFO into two 30-60-90 triangles, we can
see that , which is the same as what we computed before.𝑟 = 1

2

Thus, since we know that r = , the area of the circle is ¼ π1
2 π𝑟2 = π( 1

2 )
2

=

16 29

(37.99%)

In this problem, we assume the worst-case scenario where he first takes out all 11 green
socks and all 17 blue socks. After doing so, there are only red socks left in the drawer,
so he takes out 1 more to get a red sock. This guarantees that Rishi took out at least 1
red sock. Therefore, the answer is 11+17+1 = 29.

17 1/2

(29.05%)

For the sum of the two dice to result in an even number, the possible combinations of
the first and second dice are EE and OO out of the total four cases (EE, EO, OE, and
OO), where E stands for even and O for odd. A dice has 3 even numbers and 3 odd
numbers, so the probability of picking an even number is and the probability of3

6 = 1
2

picking an odd number is also . So, the probability of EE is and the1
2

1
2 • 1

2 = 1
4

probability of OO is also . Adding the probabilities of these two cases together gives1
4

us the overall probability of an even sum which is ½1
4 + 1

4 =

18 36

(33.52%)

Let the current age of Jeffrey be J. This means that Nihar’s current age is 5J. Six years
from now, Jeffrey’s age will be J+6 and Nihar’s age will be 5J+6. We know that, in 6
years, Nihar’s age will be three times as much Jeffrey’s age, so this gives us the
equation: 3(J+6) = 5J+6. We can solve this equation to find that J=6 and 5J=30, so the
sum of Jeffrey and Nihar’s current ages is 6+30 = 36

19 220

(11.73%)

For rate problems we use the equation d = rt, where d = distance, r = rate, and t = time.
When Anwita drives from Boston to New York, she takes 4 hours with an unknown
rate, x (Equation: d = 4x). When driving back, she takes 5.5 hours with a rate 15mph
slower than before, x−15 (Equation: d = 5.5(x−15) ). The distance going to and from
New York are equal, so we can set the resulting distances of the two equations equal to
each other. This gives us a final equation of 4x = 5.5(x−15)  →  4x = 5.5x−82.5.
Solving this equation gives us a solution of x=55. Since x is the rate, we can simply
plug it into either equation to get distance: d = 4 • 55 = 220 (miles)

20 119/135 Since the entire bubble floats into the cup, the volume of the water in the cup is equal to
the volume of the cup minus the volume of the bubble. We are given that the cylindrical
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(2.25%) cup has a radius of inches and a height of 5 inches, so3
2

We also know that the perfectly round, spherical𝑉
𝑐𝑢𝑝

= π𝑟2ℎ = π ( 3
2 )

2
(5) = 45

4 π

bubble has a diameter of 2 inches, and since d=2r, the radius is 1 inch. Thus,

. We can then find𝑉
𝑏𝑢𝑏𝑏𝑙𝑒

= 4
3 π(1)3 = 4

3 π

. The fraction of the cup’s volume that𝑉
𝑤𝑎𝑡𝑒𝑟

= 𝑉
𝑐𝑢𝑝

− 𝑉
𝑏𝑢𝑏𝑏𝑙𝑒

= 45
4 π − 4

3 π = 119
12 π

is filled with water is just 119/135𝑉
𝑤𝑎𝑡𝑒𝑟

÷ 𝑉
𝑐𝑢𝑝

= 119
12 π ÷ 45

4 π =

Average Score: 7.374
Standard Deviation: 4.189

Written by: The SMST Committee 2021
Compiled by: Ashley Xu
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